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0. Install Julia

In the next exercise sheet you will use julia for programming a tensor network. As a
preparation for this install julia from julialang.org.

1. Hamiltonian for general gauge theories including fermions

In the lecture you have seen the Hamiltonian of Yang-Mills theory of a U(1)-gauge field
including fermions. In this exercise you will derive the Hamiltonian in the more general case
of a compact Lie group (e.g. SU(N) or U(1)).

We will start from the classical Lagrangian density given by

L
(
Ψ,Ψ, Aa, x

)
= −1

4
Fµν
a F a

µν +Ψ(iDµγ
µ −m)Ψ. (1)

Where

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν ,

is the field strength tensor and

Dµ = ∂µ − igAa
µ(x)t

a.

is the covariant derivative. Here Aa
µ(x) are now the generalized gauge fields with the index

a labeling the so-called adjoint representation (for SU(N) we have a ∈ {1, . . . , N2 − 1}). ta

are the generators in the fundamental representation of the Lie algebra corresponding to the
compact Lie group under consideration (for SU(N) there are N2 − 1 of them with each of
them being represented as a N ×N matrix in the fundamental representation). Thus, we are
actually considering a vector of spinors Ψl (l ∈ {1, . . . , N} for SU(N)). These generators are
traceless, hermitian and satisfy [

ta, tb
]
= ifabctc,

tr
(
tatb

)
=

1

2
δa,b,

where fabc are the (antisymmetric) structure constants and the trace condition fixes a nor-
malization.

https://julialang.org/downloads/


a) (2 pts.) In order to derive the classical Hamiltonian density, you first have to calculate
the canonical momenta:1

πl
Ψ =

δL
δ(∂0Ψl)

πa,0
A =

δL
δ(∂0Aa

0)

πa,k
A =

δL
δ(∂0Aa

k)

b) (6 pts.) Using the results obtained in the previous part calculate the full expression for
the classical Hamiltonian density

H = πl
Ψ(∂0Ψl) + πa,k

A (∂0A
a
k)− L.

c) (4 pts.) We now consider the full classical Hamiltonian in d spatial dimensions

H =

∫
ddxH.

Insert the result you obtained in the previous part and perform a suitable integration
by parts (dropping surface terms2) to arrive at

H =

∫
ddxΨ† [−iγ0γj∂j − gγ0γjAj +mγ0

]
Ψ

+

∫
ddx

[
1

4
F kl
a F a

kl −
1

2
πa,k
A πa

A,k

]
−
∫

ddxAa
0

[
∂kF

k0
a + gΨ†taΨ+ gfabcAb

kF
k0
c

]
.

d) (2 pts.) Explain how the final expression from the previous part changes in the case of
an abelian gauge theory (e.g. U(1)) such that you arrive at the classical Hamiltonian
given in the lecture.

e) (2 pts.) After the quantization and the necessary adoption of the temporal gauge we
arrive at the quantized Hamiltonian

H =

∫
ddxΨ† [−iγ0γj∂j − gγ0γjAj +mγ0

]
Ψ

+

∫
ddx

[
1

4
F kl
a F a

kl −
1

2
πa,k
A πa

A,k

]
,

together with the Gauss law

Ga |Ψ⟩ = 0, Ga = gΨ†taΨ+ ∂µF
µ0
a − gfabcF ν0

b Ac
ν .

1Note that we here use right Grassmann derivatives
(

∂Rη1η2
∂η2

= +η1
)
instead of the usual left Grassmann

derivatives
(

∂Lη1η2
∂η2

= −η1
)
such that the following quantization proceeds in a simple way without having to

adjust for “Grassmann aware” Poisson brackets as in physics.stackexchange.com.
2Dropping these surface terms is actually fine here since they are proportional to Aa

0 and thus vanish in the
following gauge fixing.

https://physics.stackexchange.com/questions/186952/wrong-sign-anticommutation-relation-for-the-dirac-field


Express the pure gauge part of this Hamiltonian

HYM =

∫
M

ddx

[
1

4
F kl
a F a

kl −
1

2
πa,k
A πa

A,k

]
,

in terms of color-electric3 and color-magnetic fields

Ea
k = F a

0k = ∂0A
a
k,

Ba
j = −1

2
εjklFkl.

2. Staggering transformation

In this exercise you will show that the transformation

T (n) =
(
γ0γ1

)n1 . . .
(
γ0γd

)nd

given in the lecture indeed satisfies most of the conditions mentioned there.

a) (2 pts.) By making use of

{γµ, γν} = 2gµν1, (γµ)† = γ0γµγ0,

show that γ0γj is hermitian and {
γ0γi, γ0γj

} !
= 2δi,j1

b) (2 pts.) Using the results from the previous part show that T (n) is unitary and

T (n+ ĵ)
!
= T (n− ĵ).

c) (3 pts.) Using the results from the previous parts show that

T †(n)γ0γjT (n+ ĵ)
!
= η+j (n)1,

T †(n)γ0γjT (n− ĵ)
!
= η−j (n)1,

η+j (n) = η−j (n) = ηj(n) = (−1)

j−1∑
i=1

ni

.

d) (2 pts.) Finally show that

T †(n)γ0T (n)
!
= (−1)

d∑
i=1

ni

γ0 = ε̃(n)γ0.

3Ones a discretization is introduced, the color-electric field is the source of the Link operator L introduced
in the lecture. A detailed derivation of this can be found in https://arxiv.org/abs/2105.06019.

https://arxiv.org/abs/2105.06019


3. Momentum space Dirac operator of Staggered fermions

In this exercise you will perform the Fourier transform of

DStag(r, r
′, t, t′)s,s′

= δ
(
t− t′

)( i

2a

d∑
j=1

ηj(s)
[
δs+ĵ,s′(δr,r′ − δr−ĵ,r′) + δs−ĵ,s′(δr+ĵ,r′ − δr,r′)

]
+ δs,s′δr,r′ [i∂t′ −mε̃(s)]

)
.

a) (4 pts.) Verify that the fourier transform of DStag(n,m, t, t′)α,β is given by

DStag

(
p⃗, q⃗, p0, q0

)
α,β

=

∫
dt

∫
dt′

1

|R|
∑

n,m∈R
e−i(p0t−p⃗·n⃗a)DStag(n,m, t, t′)α,βe

+i(q0t′−q⃗·m⃗a)

!
= 2πδ

(
p0 − q0

)
δp⃗,q⃗

− d∑
j=1

(
Γ̃j

)
αβ

(p⃗)
1

a
sin

(
pj

a

2

)
− δα,βp

0 −m
(
Γ̃0

)
α,β


︸ ︷︷ ︸

=D̃Stag(p)α,β

,

where we introduced (
Γ̃0

)
αβ

= δα,β ε̃(α),(
Γ̃j

)
αβ

(p⃗) = ei
a
2
p⃗·(β−α)ηj(α)

[
δα+ĵ,β + δα−ĵ,β

]
.

b) (1 pt.) Show that D̃Stag(p)α,β can be expressed as

D̃Stag(p)α,β
!
=

(
Γ0

)
αγ

− d∑
j=1

(
Γj

)
γβ

(p⃗)
1

a
sin

(
pj

a

2

)
−
(
Γ0

)
γ,β

p0 −mδγ,β

 ,

where we defined
Γ0 = Γ̃0 Γj(p⃗) = Γ̃0Γ̃j(p⃗).

Hint: As shown in the lecture notes Γµ(p⃗) constitute a 2d dimensional representation
of the Clifford algebra when considering equal momenta p⃗:

{Γµ(p⃗),Γν(p⃗)} = 2gµ,ν1.


