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0. Install Julia

In the next exercise sheet you will use julia for programming a tensor network. As a
preparation for this install julia from julialang.org.

1. Hamiltonian for general gauge theories including fermions

In the lecture you have seen the Hamiltonian of Yang-Mills theory of a U(1)-gauge field
including fermions. In this exercise you will derive the Hamiltonian in the more general case
of a compact Lie group (e.g. SU(N) or U(1)).

We will start from the classical Lagrangian density given by
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is the field strength tensor and
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is the covariant derivative. Here AZ(:U) are now the generalized gauge fields with the index
a labeling the so-called adjoint representation (for SU(N) we have a € {1,...,N? — 1}). ¢
are the generators in the fundamental representation of the Lie algebra corresponding to the
compact Lie group under consideration (for SU(N) there are N? — 1 of them with each of
them being represented as a N x N matrix in the fundamental representation). Thus, we are
actually considering a vector of spinors ¥; (I € {1,..., N} for SU(N)). These generators are
traceless, hermitian and satisfy
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where f¢ are the (antisymmetric) structure constants and the trace condition fixes a nor-
malization.


https://julialang.org/downloads/

a) (2 pts.) In order to derive the classical Hamiltonian density, you first have to calculate

the canonical momentaE
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b) (6 pts.) Using the results obtained in the previous part calculate the full expression for
the classical Hamiltonian density

H =l (B0;) + 75 (B AY) — L.
c) (4 pts.) We now consider the full classical Hamiltonian in d spatial dimensions
H= / d%aH.

Insert the result you obtained in the previous part and perform a suitable integration
by parts (dropping surface termsEI) to arrive at
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d) (2 pts.) Explain how the final expression from the previous part changes in the case of
an abelian gauge theory (e.g. U(1)) such that you arrive at the classical Hamiltonian

given in the lecture.

e) (2 pts.) After the quantization and the necessary adoption of the temporal gauge we
arrive at the quantized Hamiltonian
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together with the Gauss law
G4 |W) =0, G = gUTt*¥ + 9, FH0 — gfabe oA,

!Note that we here use right Grassmann derivatives (‘9’%”77]12”2 = +7]1> instead of the usual left Grassmann

derivatives (aLaT’T{jz = —n1 ) such that the following quantization proceeds in a simple way without having to

adjust for “Grassmann aware” Poisson brackets as in physics.stackexchange.com.
2Dropping these surface terms is actually fine here since they are proportional to A¢ and thus vanish in the

following gauge fixing.


https://physics.stackexchange.com/questions/186952/wrong-sign-anticommutation-relation-for-the-dirac-field

Express the pure gauge part of this Hamiltonian
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in terms of color—electri(ﬂ and color-magnetic fields
Bf = F§, = 0045,
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2. Staggering transformation
In this exercise you will show that the transformation

T(n) = (1°4)" ... (1°2%) "
given in the lecture indeed satisfies most of the conditions mentioned there.

a) (2 pts.) By making use of
{77} =291, (") =",
show that %47 is hermitian and
{1%7',7%7} = 26;51

b) (2 pts.) Using the results from the previous part show that T'(n) is unitary and
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T(n+j)=T(n-j).
c) (8 pts.) Using the results from the previous parts show that

T ()7’ T(n + ) = 5 (n)1,
T ()7’ T(n — ) = 15 (n)1,
i (n) = 17 (n) = my(n) = (—1)3 "

d) (2 pts.) Finally show that

T ()T (n) = (~1)5 "9 = &(n).

30nes a discretization is introduced, the color-electric field is the source of the Link operator L introduced
in the lecture. A detailed derivation of this can be found in https://arxiv.org/abs/2105.06019.


https://arxiv.org/abs/2105.06019

3. Momentum space Dirac operator of Staggered fermions
In this exercise you will perform the Fourier transform of

Dsgag (1, r’t t’)
/
t - t < Z 77] |: s+7,s' 67"77"/ - 6rf,j\,r’) + 557575/(57”{77,1“' - 67"77“/)

+ 65,3/57",7"’ [iat’ - mg(s)] > .
a) (4 pts.) Verify that the fourier transform of Dggag(n, m,t,t)q g is given by
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where we introduced
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b) (1 pt.) Show that Dsgag(p)as can be expressed as
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where we defined . ‘ o

=1 1@p) =TT (p).
Hint: As shown in the lecture notes I'*(p) constitute a 2¢ dimensional representation
of the Clifford algebra when considering equal momenta p:

{T*(P), I"(P)} = 2¢""1.



